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In this paper, the concept of energy pairs in the micropolar continuum is introduced. A brief review of the micropolar
continuum theory is presented for using in the subsequent derivations. A mathematical Lagrangian strain and a wryness
tensor for the micropolar continuum are introduced. Using the ﬁrst law of thermodynamics and for isothermal processes,
the power of deformation is obtained and the energy pairs in the Eulerian and Lagrangian descriptions are deﬁned. Also,
the micropolar stress and couple stress tensors which are energy pairs to the micropolar Lagrangian strain and wryness
measures are determined.
 2006 Elsevier Ltd. All rights reserved.
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In the classical continuum mechanics, the motion of material particles are described by the position vectors
identifying the location of each particle as a function of time. For this purpose, the law of conservation of
mass and balance of linear momentum are used to determine the current value of mass density and position
vector. Also, the balance of angular momentum is used to place restriction on the symmetry of stress tensor.
At each particle of a micropolar continuum, there is a micro-structure which can rotate independently from
the surrounding medium (Eringen and Kafadar, 1976; Mindlin, 1965; Rubin, 2000). So every particle contains
six degrees of freedom, three translational motions which are assigned to the macro-element and three rota-
tional ones which are referred to the micro-structure. Eringen (1968) assumed a macro-element to contain sev-
eral micro-elements for which the classical balance laws are postulated to be valid and have local rigid
rotations for the case of the micropolar continuum.
The beginning of the rational theories of the polar continua goes back to E. and F. Cosserat in 1909. Later
in the 50’s and 60’s, extensive developments have been done by Grad, Gunther, Grioli, Truesdell and Toupin,
Aero and Kuvshinskii, Mindlin and Tiersten, Toupin and Eringen (c.f. Eringen and Kafadar, 1976). Mindlin
(1963) constructed a linear theory of elasticity with micro-structure. Green and Rivlin (1964) developed a0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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developed by Eringen and Suhubi (1964). Later the theory of micropolar media was completed by Kafadar
and Eringen (1971).
In the classical continuum theory, from the kinetic point of view, the eﬀect of a surface element on a neigh-
boring one is expressible by a traction vector. In the micropolar theory, the interaction between two adjacent
surface elements is considered via a couple vector in addition to the traction vector (Eringen, 1968). The trac-
tion vector constructs the asymmetric stress tensor and the couple vector constructs the couple stress tensor.
The asymmetric stress tensor can be decomposed into its symmetric and antisymmetric parts which its sym-
metric part causes the deformation of the macro-element and its antisymmetric part contributes to the rigid
rotation of the micro-structure.
Stress and strain pairs which produce the power of deformation are called energy pairs. In the classical con-
tinuum theory, these energy pairs are called conjugate stresses and strains based on the energy conjugacy
notion introduced by Hill (1968). Guo and Man (1992) derived explicit tensorial formulations for the stresses
conjugate to the Seth–Hill strain tensors. The stress measure conjugate to the logarithmic strain tensor was
derived by Hoger (1987). Dui and Ren (1999) derived a basis free expression for the stress conjugate to the
strain E(3), which is one of the Seth–Hill strain tensors. Following the Hill’s principal axis method and energy
conjugacy notion, a method was proposed to ﬁnd the relation between the components of two Seth–Hill con-
jugate stress tensors by Farahani and Naghdabadi (2000). In another work, they derived a basis free relation
for the conjugate stresses of the Hill’s strains based on the right stretch tensor (Farahani and Naghdabadi,
2003).
In this work, a brief review of the micropolar continuum is presented. The main purpose of this review is to
deﬁne the basic parameters of the micropolar continuum mechanics for using in the subsequent derivations.
Most quantities in the micropolar media are deﬁned similar to their counterparts in the classical continuum
mechanics. Also, kinematics of the micropolar continua, strain, wryness, stress and couple stress tensors
are presented. In addition, a mathematical Lagrangian strain and a wryness tensor for the micropolar contin-
uum are introduced. Using the ﬁrst law of thermodynamics in the case of isothermal processes, the power of
deformation in the Eulerian and Lagrangian forms are obtained and the energy pairs in the Eulerian and
Lagrangian descriptions are determined. Also, the energy pairs to the micropolar Lagrangian strain and wry-
ness measures are obtained.2. Basic relations in the micropolar continuum mechanics
A micropolar medium is a classical continuum in which each particle is associated with a micro-structure.
The micro-structure is infact another continuum capable of undergoing only rigid rotation (Eringen and Kafa-
dar, 1976).
The theory of micropolar continuum mechanics is well-posed and the mathematical foundations have been
completed by 1971 through the works of Eringen and his coworkers. In this section, we present some basic
relations of the micropolar continuum mechanics used in the next section. We try to deﬁne the parameters
similar to those used in the classical continuum theory. For more details and discussion we refer to the works
of Eringen (1968), Kafadar and Eringen (1971) and Eringen and Kafadar (1976).2.1. Kinematics
Let Z denotes the material position vector of each point of the continuum at time t = t0 in the reference
conﬁguration. It is noted that Z represents the center of the macro-element at that point. At time t this mate-
rial particle goes to the spatial position z in space (Eringen and Kafadar, 1968). Similarly, z is the center of the
macro-element at the same point in the current conﬁguration. Now consider two system of curvilinear coor-
dinates XK and xk (with K, k = 1, 2, and 3) in the undeformed and deformed conﬁgurations, respectively. Let
GI and gi be covariant base vectors tangent to the coordinate curves X
K and xk, and GI and gi their corre-
sponding contravariant base vectors, respectively, so:
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ox
oxi
; GI ¼ oX
I
oX
; gi ¼ ox
i
ox
; I ; i ¼ 1; 2; 3 ð1ÞNow it is assumed that similar to the classical continuum theory, every line element dX deforms to the line
element dx under the deformation gradient F:dx ¼ FdX or F ¼ ox
oX
¼ xi;Jgi GJ ð2Þwhere comma denotes diﬀerentiation with respect to the coordinates. Angles of rotation of the micro-structure
constitute a Rodrigues rotation vector u with magnitude h:u ¼ hn ¼ ukgk; n ¼ nkgk ¼
uk
h
gk ð3Þwhere uk are contravariant components of u and n is the unit vector in the u-direction. Antisymmetric tensor
U whose dual vector is u can be constructed in the following form:U ¼ /ij gi  gj ¼ eijk ukgi  gj ð4Þ
where /ij and eijk are the covariant components of U and alternating symbol e, respectively. Also, the orthog-
onal micro-rotation tensor R which is the tensorial representation of the rotation of the micro-structure is as
follows (Eringen and Kafadar, 1976; Basar and Weichert, 2000):R ¼ Ri:Jgi GJ ¼ expðUÞg ¼ ðIþ
sin h
h
Uþ 1 cos h
h2
UUÞg ð5Þ
Ri:J ¼ expð/i:mÞgm:J ¼ ½cos h dim þ ð1 cos hÞninm  sin h ei:mpnpgm:J
where g ¼ gi:Jgi GJ with gi:J ¼ gi:GJ is a shifter (Eringen, 1962), I is the identity tensor and dim is the Kroneck-
er delta. Also, the relation UUd = (u  u  h2I)d is used, where d is an arbitrary vector. Here, we use the
notation R because in special cases, it transforms into the rotation tensor R which appears in the polar decom-
position of the deformation gradient F. The micro-rotation tensor is proper orthogonal, so:R1 ¼ RT or Ri:MR:Mj ¼ dij with detR ¼ 1 ð6Þ
where ()T stands for transpose of the tensor. Now consider an internal point in the micro-structure located at
the position N = NKGK with respect to the center Z. We call the vector N as an internal position vector. In the
micropolar theory, it is assumed that N transforms to the vector n = nmgm under rigid rotation R (Eringen and
Kafadar, 1976). So one may write:n ¼ RN; nk ¼ Rk:MNM ; NM ¼ R:Mk nk ð7Þ
In other words, the internal positon vector of ath (a = 1,2, . . .,K) micro-element at reference conﬁguration,
Z(a) = Z + N(a), goes to z(a) = z + n(a) after deformation.
The angular velocity of the micro-structure can be obtained by diﬀerentiating Eq. (7) with respect to time:_n ¼ _RN ð8Þ
where (Æ) represents the material time derivative. From N ¼ RTn we may write:_n ¼ _RRTn ¼ Xn; X ¼ _RRT ð9Þ
Xi:j ¼ _Ri:MR:Mj ; Xij ¼ XjiThe antisymmetric tensor X is called gyration tensor. In the special case where R ¼ R, we obtain X ¼ X,
where X ¼ _RRT is the so called body spin tensor. Now the angular velocity vector x of the micro-structure
can be constructed from X as follows:x ¼ xigi ¼ 
1
2
e : X; xi ¼  1
2
eijk Xjk ð10ÞIn the classical continuum theory, the deformation gradient tensor F is uniquely decomposed as:
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where U and Vare right and left stretch tensors, respectively. U and are both positive deﬁnite symmetric ten-
sors, and R is a proper orthogonal rotation tensor. In the micropolar theory, the deformation measures are
deﬁned similar to the right stretch and inverse of the left stretch tensors.
The ﬁrst measures of strain and wryness were given by E. and F. Cosserat (1909). The Lagrangian Cosserat
deformation tensor is deﬁned as (Eringen and Kafadar, 1976):U ¼ FTR ¼ URTR; UIK ¼ xj;IRjK ð12Þ
The notation U is used, since if R ¼ R then U will be the same as the right stretch tensor which appears in the
polar decomposition of the deformation gradient. Here, the micro-rotation tensor R is orthogonal but R 6¼ R,
so U 6¼ U and hence in general, U is not a symmetric tensor. The Lagrangian Cosserat wryness tensor is de-
ﬁned as (Eringen and Kafadar, 1976):C ¼ 1
2






p ð13Þwhere vertical bar (j) denotes covariant diﬀerentiation. In Eq. (13) $ is the del operator and $X emphasizes on
the diﬀerentiation with respect to the coordinate system located at the reference conﬁguration. Physical inter-
pretation of U and C has been given by Eringen and Kafadar (1976). Often it is desirable to use strains that
vanish in the reference conﬁguration; to this end one may write:H ¼ UG; HIK ¼ UIK  GIK ð14Þ
where H is the Lagrangian Cosserat strain tensor. We use H since when R ¼ R, it will be the same as the
Lagrangian Biot strain, which is deﬁned in the form of H = U  G (Basar and Weichert, 2000). The Eulerian
Cosserat deformation tensor can be deﬁned similar to the inverse of the left stretch tensor V as:V1 ¼ FTRT; V 1ik ¼ XM ;i RkM ð15Þ
The Eulerian Cosserat strain tensor h is deﬁned similar to the Eulerian Biot strain tensor h as:h ¼ g V1 ð16Þ
The Eulerian Cosserat wryness tensor may be deﬁned from rotating-forward operation (Marsden and Hughes,
1983) by R in the following form:c ¼ RC RT; cik ¼ RiM RkN CMN ð17Þ
Now we deﬁne mathematically the following strain and wryness tensors:E ¼ U
2 G
2
; P ¼ 1
2
C2 ð18Þwhere in the case of R ¼ R, E reduces to the Green–Lagrange strain tensor E, but P is deﬁned as a purely
mathematical measure relating to the wryness of the micro-structure.
2.2. Micropolar stress and couple stress tensors
In the classical continuum theory, the eﬀect of a surface element on a neighboring one is expressible by a
traction vector. In the micropolar theory, the interaction between two adjacent surface elements is considered
via a couple vector in addition to the traction vector (Eringen, 1968). The traction vector constructs the asym-
metric stress tensor r and the couple vector constructs the couple stress tensor. The following relations hold
between the traction vector t(n), the asymmetric stress tensor r, the couple vector m(n), the couple stress tensor
m, and the unit normal vector to the surface n (Eringen, 1968):tðnÞ ¼ tini ¼ n:r ¼ rijnigj ð19Þ
mðnÞ ¼ mini ¼ n:m ¼ mijnigj
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In fact, the asymmetric stress tensor r can be decomposed into its symmetric and antisymmetric parts as:r ¼ rþ s ðrij ¼ rji; sij ¼ sjiÞ ð20Þ
Using the balance of moment of momentum (Eringen and Kafadar, 1976) it can be shown that the antisym-
metric part of the micropolar stress tensor s may be derived as:s ¼  1
2
e:½divmþ qðl _hintÞ ð21Þwhere hint is density of the internal angular momentum (spin density) and l is the body couple density vector. It
is noted that the r causes the deformation of the macro-element and s contributes to the rigid rotation of the
micro-structure.
In the classical continuum theory, the ﬁrst and second Piola-Kirchhoﬀ stress tensors are in the form of
P = JrFT and S = F1P = JF1r FT, respectively (Marsden and Hughes, 1983). Furthermore, the nominal
stress tensor is deﬁned to be transpose of P. However, some authors have deﬁned the ﬁrst Piola–Kirchhoﬀ
stress tensor in the form of P = JF1r (Eringen, 1962, 1975). In the micropolar theory by deﬁnition of a pseu-
do stress vector, the micropolar ﬁrst Piola–Kirchhoﬀ stress tensor is deﬁned as:P ¼ JF1r ð22Þ
which is also a two-point tensor and is deﬁned similar to the ﬁrst Piola–Kirchhoﬀ stress tensor in the classical
theory by Eringen (1962, 1975). The Lagrangian form of P, i.e. ~P is deﬁned as (Eringen and Kafadar, 1976):~P ¼ PR ¼ JF1 rR ð23Þ3. Energy pairs in the micropolar media
The local form of the ﬁrst law of thermodynamics in the micropolar continuum theory can be expressed as
(Eringen and Kafadar, 1976):q _u rkjðvjjk þ XkjÞ  mkj xjjk  qkjk  qh ¼ 0 ð24Þ
where u is the internal energy per unit current mass, qk are the contravarient components of the heat ﬂux vec-
tor and qh is the heat source density. The Lagrangian form of Eq. (24) takes the following form (Eringen and
Kafadar, 1976):q0 _u ~PKJ _UKJ MKJ _CJK  QKjK  q0h ¼ 0 ð25Þ
where MKL and QK are the contravariant components of the Lagrangian couple stress tensor and Lagrangian
heat ﬂux vector deﬁned in the following form:M ¼ JF1 mR
Q ¼ JF1 q ð26ÞConsidering two second order tensors A and B, the double contraction operation is deﬁned as
A:B = tr(ABT) = tr(ATB) = AijBij, where tr stands for trace (Basar and Weichert, 2000). Using Eq. (24) in
the case of isothermal deformation processes, the power of deformation P per unit reference volume can be
written as:P ¼ J ½rkjðvjjk þ XkjÞ þ mkj xjjk
¼ J ½r : ðLT þXÞ þm : ðrxxÞT ð27Þ
¼J ½r : ðDWþXÞ þm : ðrxxÞT
where
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is the velocity gradient, and D and W are the rate of deformation and material spin tensors, which are sym-
metric and antisymmetric parts of the velocity gradient, respectively. In Eq. (27), $x emphasizes on the diﬀer-
entiation with respect to the coordinate system located at the current conﬁguration. Based on Eq. (27), the
stress tensor r and DWþX, couple stress tensor m and ðrxxÞT are deﬁned as the energy pairs in the micro-
polar media. It is noted that D andWare parameters pertaining to the deformation of the macro-element. On
the other hand, X and rxx are the parameters describing the rigid rotation of the micro-structure which are
independent of D and W.
Since P is a scalar quantity, it can be separated into two parts, P1 and P2 as follows:P 1 ¼ Jr : ðDWþXÞ ð29Þ
P 2 ¼ Jm : ðrxxÞTIt is noted that since r and m are related by the balance of angular momentum equation, P1 and P2 are not
independent quantities. In fact from Eqs. (20) and (27) we have:P ¼ Jr : D|ﬄﬄ{zﬄﬄ}
P s
þ J ½s : ðXWÞ þm : ðrxxÞT|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
P
ð30Þwhere Ps is similar to the so called stress power in the classical continuum theory and P represents the power of
deformation due to the micro-polar parameters.
Similarly, for the case of isothermal deformation processes in the Lagrangian description, from Eq. (25) the
power of deformation per unit initial volume takes the following form:P ¼ ~PKJ _UKJ þMKJ _CJK
¼ ~P : _UþM : _CT ð31Þwhere ð~P; _UÞ and ðM; _CTÞ are Lagrangian energy pairs. Now we consider the relation between energy pairs for
P1 and P2 in the following form:P 1 ¼ Jr : ðDWþXÞ ¼ Rð1Þ : _H
P 2 ¼ Jm : ðrxxÞT ¼Mð1Þ : _CT ð32Þwhere R(1) and M(1) are Lagrangian stress and couple stress tensors which are energy pairs to
_H and _CT,
respectively. Actually, we are interested to ﬁnd the energy pairs of _H and _CT from Eq. (32). However, these
pairs seem to be given in Eq. (31). In order to ﬁnd the stress, energy pair to _H, from Eqs. (14) and (32)1 we
have:Jr : ðDWþXÞ ¼ Rð1Þ : _U ð33Þ
Considering Eq. (33), the relation between _U and ðDWþXÞ should be found. From Eq. (12) one may
write:_U ¼ _FT Rþ FT _R ð34Þ
From Eqs. (9), (28) and (34), the relation between _U and ðDWþXÞ can be found in the following form:_U ¼ FTðDWþXÞ R ð35Þ
Now from Eqs. (33) and (35), we will have:tr½JrðDþWXÞ ¼ tr½Rð1ÞRTðDþWXÞF
¼ tr½FRð1ÞRTðDþWXÞ ð36Þwhich results in
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This relation holds for every arbitrary value of ðDWþXÞ, so ðJr FRð1ÞRTÞ must vanish. Thus, the
Lagrangian stress tensor R(1) which is energy pair to
_H is found as:Rð1Þ ¼ JF1 r R ð38Þ
Comparing Eqs. (22) and (38) we ﬁnd the following relation:Rð1Þ  ~P ð39Þ
It means that R(1) is the same as the Lagrangian form of the micro-polar ﬁrst Piola–Kirchhoﬀ stress tensor.
Similarely, for the couple stress and wryness tensors, from Eq. (32)2 we have:Jm : ðrxxÞT ¼Mð1Þ : _CT ð40Þ
But from Eqs. (9), (10) and (13) we obtain:_C ¼ RT rx xF ð41Þ
and the Lagrangian couple stress tensor M(1) can be found as:Mð1Þ ¼ JF1mR M ð42Þ
so M(1) is a Lagrangian tensor and equals the Lagrangian couple stress tensor M which was deﬁned in Eq.
(26). Now consider the following relations for the mathematical strain and wryness measures _E and _PT defend
in Eq. (18):P 1 ¼ Rð1Þ : _U ¼ Rð2Þ : _E
P 2 ¼Mð1Þ : _CT ¼Mð2Þ : _PT ð43Þwhere R(2) and M(2) are the Lagrangian stress and couple stress tensors which are energy pairs to
_ET and _PT,
respectively. From Eqs. (18), (39) and (43)1 we have:~P : _U ¼ 1
2
Rð2Þ : ð _UUþU _UÞ ð44Þwhich gives the following relation between R(1) and R(2):UTRð2Þ þ Rð2ÞUT ¼ 2~P ð45Þ
By A :¼ UT, X: = R(2) and B :¼ 2~P, Eq. (45) can be written in the following form of tensor equation:AXþ XA ¼ B ð46Þ
For the case of symmetric A, this equation has been solved by several researchers (Sidoroﬀ, 1987; Schiedler,
1994; Hoger and Carlson, 1984; Rozati, 2000). In the present problem A :¼ UT is not in general a symmetric
tensor and the solution of Eq. (45) can be deduced from Jameson (1968) to be:Rð2Þ ¼ 1I3  I1I2 ½ðU
TÞ2~PUT ~PUT þ ~PUT þ ðI2  I21Þ~P I1I3UT~PUT ð47Þwhere the parameters I1, I2 and I3 are the principal invariants of U which appear in the Cayley–Hamilton the-
orem (Marsden and Hughes, 1983) and are deﬁned as:I1 ¼ trU
I2 ¼ 1
2
½ðtrUÞ2  trU2 ð48Þ
I3 ¼ detU
For the couple stress and wryness tensors, from Eqs. (18)2, (42), (43)2 one may write:
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2
Mð2Þ : ½C _Cþ _CCT ð49Þwhich gives the following tensor equation to be solved for M(2):Mð2ÞCþ CMð2Þ ¼ 2M ð50Þ
Eq. (50) can be solved similar to Eq. (45) by replacing UT and ~P by C and M, respectively:Mð2Þ ¼ 1J 3  J 1J 2 ½C
2M CMCþMCþ ðJ 2  J 21ÞM J 1J 3C1MC1 ð51Þwhere the parameters J1, J2 and J3 are the ﬁrst, the second and the third principal invariants of the Lagrangian
wryness tensor C and are deﬁnes as:J 1 ¼ tr C
J 2 ¼ 1
2
½ðtr CÞ2  tr C2 ð52Þ
J 3 ¼ det C4. Conclusions
In this paper, a brief review of the micro-polar continuum was presented. In addition, a mathematical
Lagrangian strain and a wryness tensor for the micro-polar continuum were introduced. Using the ﬁrst law
of thermodynamics and for isothermal processes, the concept of energy pairs in the Eulerian and Lagrangian
forms were introduced. Decomposing the power of deformation in two parts, the energy pairs to the Lagrang-
ian strain and wryness tensors were derived. Also, the energy pairs to the introduced strain and wryness mea-
sures were determined.References
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